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EXISTENCE AND CONCENTRATION OF SOLUTIONS FOR A 
FRACTIONAL SCHRODINGER EQUATIONS WITH SUBLINEAR 

NONLINEARITY 

JINGUO ZHANG AND WEIFENG JIANG 


Abstract. This article concerns the fractional elliptic equations 
(-A) s u + \V(x)u = f(u), ueH a ( U N ), 

where (—A) s (s G (0, 1)) denotes the fractional Laplacian, A > 0 is a pa¬ 
rameter, V G C(R N ) and V~ 1 (0) has nonempty interior. Under some mild 
assumptions, we establish the existence of nontrivial solutions. Moreover, the 
concentration of solutions is also explored on the set V~ 1 (0) as A —> oo. 


1. Introduction and statement of main results 

We consider the nonlinear fractional Schrodinger equation 

(~A) s u + XV(x)u = f(u), u G H s (R n ), (1.1) 

where (—A) s (0 < s < 1) is the fractional Laplace operator, A > 0 is a parameter, 
and H s (R n ) is the usual fractional Sobolev space with the norm 

IMI*. “ ( f (\{-A)?u\ 2 + \u\ 2 )dx)\ 

The fractional Schrodinger equation is a fundamental equation of fractional quan¬ 
tum mechanics. It was discovered by Nick Laskin as a result of extending the 
Feynman path integral, from the Brownian-like to Levy-like euantumn mechanical 
paths. Recently, a great attention has been devoted to the fractional and nonlocal 
operators of elliptic type, both for their interesting theoretical structure and in view 
of concrete applications in many fields. This type of operator has been studied by 
many authors si Eiia can mm and references therein. 

In |S], Felmer et al. proved the existence of positive solutions of nonlinear 
Schrodinger equation involving the fractional Laplacian in . For the whole space 
l w case, the main difficulty of this problem is the lack of compactness for Sobolev 
embedding theorem. To overcome this difficulty, some authors assumed that the 
potential V satisfies some additional condition. Later, the authors in m consid¬ 
ered the equation m with the critical exponent growth They proved that the 
energy functional possess the property of locally compact. In this paper, we are 
interested in the case that the nonlinearity / is sublinear and indefinite. To our 
knowledge, few works concerning on this case up to now. Motivated by the above 
articles, we continue to consider problem m with steep well potential and study 
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the existence of nontrivial solution and concentration results under some mild as¬ 
sumptions different from those studied previously. To reduce our statements, we 
make the following assumptions for potential V : 

(Vi) V(x) G C(R N ) and V{x) > 0 on R N - 

(V 2 ) There exists a constant b > 0 such that the set V, := {x G R Ar |F(a;) < b} 
is nonempty and has finite Lebesgue measure; 

(V 3 ) 12 = intV _ 1 (0) is nonempty and has smooth boundary with Cl = V - 1 (0). 

Based on the above assumptions, the main purpose of this paper is to prove the 
existence of nontrivial solutions and to investigate the concentration phenomenon 
of solutions on the set V _ 1 (0) as A —> 00 . This kind of potential XV satisfying 
(Vi) — (V 3 ) is referred as the steep well potential. It is worth mentioning that some 
papers always assumed the potential V(x) > 0 for all x G R^. Compared with the 
case V > 0, our assumptions on V are rather weak, and perhaps more important. 
To state our results, we need the following assumptions: 

(/ 1 ) / G C(R Ar ,R) and there exist constants 1 < p < 2 and functions £(x) G 
T 5 = p(R Ar ,R + ) such that 

|/(it)| < £(ai)|u| p ~ 1 , for all u G R. 

(^* 2 ) There exist three constants 77 , <5 > 0,7 G (1,2) such that 
|F(w)| > 77 |w | 7 and all x G 12 and |u| < <5, 
where F{u) = / Q “ f(t)dtt. 

On the existence of solutions we have the following result. 


Theorem 1.1. Assume that the conditions (Vi) — (V 3 ), (/ 1 ) and (/ 2 ) hold. Then 
there exists Ao > 0 such that for every X > Aq, problem O) has at least one 
solution u\. 

On the concentration of solutions we have the following result. 


Theorem 1.2. Letu\ be a solution of problem (11.11) obtained in Theorem U. 11 then 
u\ —> uq strongly in H S (M. N ) as X 00 , where uq is a nontrivial solution of the 
equation 


(-A ) s u = f{u), iGfi, 
u = 0, x G dCl. 


( 1 . 2 ) 


The paper is organized as follows. In Section 2, we give some preliminary re¬ 
sults. In Section3, we finish the proof of Theorem ll.il In Section 4, we study the 
concentration of solutions and prove Theorem 1 1.21 


2. Preliminary results 


The fractional Laplacian (—A) s with s G (0 , 1 ) of a function u : R w —>• R is 
defined by 

= \e s F(u)(0, Vs G (0,1), 

where J- is the Fourier transform. 

Recently, Caffarelli and Silvestre [4] developed a local interpretation of the frac¬ 
tional Laplacian given in R w by considering a Neumann type operator in the ex¬ 
tended domain R(^ +1 defined by {(a :,t) G R w+1 : t > 0}. For u G Ff s (R Ar ), the 
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solution w € -ff£(R+ +1 ) of 


piV+1 


J s Vic) = 0 in ji^ + , 

\ w = u in R n+ x { 0 }, 

is called s-harmonic extension w = E s (u) of u and it is proved in [¥j that 


dw 


lim t L 2s ^-(x,t) = —k s (—A) s u(x), 
t-> o+ at 


where k s := 2 1 2s r(l — s)r(s) 1 , the space L/£(K+ +1 ) is defined as the completion 
of C%°(R* +1 ) under the norm 


r ~~ 

:= (k s / t 1 ~ 2s \\/w(x, t)\ 2 dxdt ] 2 , 

' Jr n+1 ' 


\\W\\Hl ■ = 

A similar extension, for nonlocal problems on bounded domain f l with the zero 
Dirichlet boundary condition was established. In this case, the space Hq l (Cq) is 
dehned as the completion of Cq°(Cq) under the norm 

:= ( ks [ i 1_2s |Vw(a;,t)| 2 c;x(itV, 

J Cq, 

where Cq := fl x (0 , +oo) C M+ +1 , some more detail see [2J DP - 

In this paper, our problem (ED will be studied in the half-space, namely, 

- dw(i 1 _ 2 'Vii7) = 0 in R^ +1 , 

dw (2-1) 

= —XV(x)w(x, 0) + f(w(x, 0)) in x {0}, 


- k. 


dv 


where 


dw , r, a dw, . 

— := Inn t 1-2 —— (x, t). 
dv t—>o+ dt 


Consider the energy functional associated to ED given by 

J\(w) = — [ t 1 ~ 2s \Vw(x,t)\ 2 dxdt + — [ V(x)\w(x,0)\ 2 dx 
2 Jr £+! 2 J RN 

F(w(x, 0))dx, 


( 2 . 2 ) 


Jr n 

which is C 1 with Cateaus derivative 


(J' x (w),v) = k s / t 1 2s Vw • S/vdxdt + A / V(x)w(x, 0)v(x, 0)dx 
J r ^ +1 Jr n 


Ir n 


f(w(x , 0))v(x, 0 )dx, 


for all w,v € H s l (R^ +1 ). 

By the argument as above, if w € Ii£(IR^ +1 ) is a critical point of J\ , then 
u = Tr(w) € H s ( R w ) is an energy or weak solution of problem (11.11) . The con¬ 
verse is also right. By the equivalence of these two formulations, we will use both 
formulations in the sequel to their best advantage. 

For A > 0. Let 

E\ = (w £ H s r (R+ +1 ) : [ t 1 ^ 2 * 1 \Vw\ 2 dxdt + A [ V[x)\w{x, 0)| 2 cfa < +ool, 

L J R "+ 1 Jr n j 
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be equipped with the norm 


w \ = 


(k s [ t 1 2s \Vw\ 2 dxdt + A / V(a;)K:r,0)| 2 daA 
' J k ^ +1 Jr n ' 


1/2 


It is clear that E\ is a Hilbert space, and ||w||i < ||w||a for all w G E\ with A > 1. 
Moreover, for all w G E\, by using (hi) — (V 2 ) and Sobolev inequality, we have 

k s [ t 1 ~ 2s \Vw\ 2 dxdt + f \w(x,0)\ 2 dx 
J R + +1 Jr n 

= k s ( t 1 ^ 2s |V'ix;| 2 da;dt + f |w(ir, 0)| 2 dx + f \w{x, 0)| 2 dx 
J rA +1 JVh JR N \V b 


< 


k s [ t 1 2s \S7w\ 2 dxdt + \Vb\ 2 * f [ \w(x, 0 )| 2 dx) + [ \w(x, 0 )| 2 dx 

J r " +1 A J rN ) jR N \V b 

2*—2 / f * \ 2 / 2 * 

\Vw\ 2 dxdt + |Vi,|~ 2 * ( / \w(x, 0 )| 2 dx) 

' JR N ' 


+ l-2s| 


Xb . 


XV[w(x, 0 )| 2 dx 


'R N \V b 

<k s [ t 1 ~ 2s \X7w\ 2 dxdt + 
J r" +1 


f t 1 2 s |Vu;| 2 efe(It + — / AV \w(x, 0)M 
^ Jr ” +1 Xb J r n 


(1,1 + JLU, / i 1_28 |Vu;| 2 d*dt + / AV| w(ar, 0)| 2 dec 

L 5 Ao J Jrjv 

:= cok s [ t 1 _ 2 ; 5 |Vu;| 2 da;dt + [ XV\w(x,0)\ 2 dx, 

J r ^ +1 Jk w 


< max 


for 


A > Aq 


S 


b(S+ |V 6 |t") 

So, there exist positive constants Aq and Cq, independent of A, such that 


IMIi < c 0 ||w||a, for all u G E\, X > A 0 . (2.3) 

Furthermore, the embedding E\ L P (R N ) is continuous for p G [2,2*], and 
Ex L^ oc (E' v ) is compact for p G [2,2*), i.e., there are constants c p > 0 such 
that 

||w(a", 0)||lp < Cp||w||i < c p c 0 |M|a, for all u G E\, A > A 0 . (2.4) 

In order to prove Theorem ll.il we use the following result by Rabinowitz da- 

Lemma 2.1. Let E be a real Banach space and $ G C ,1 (I?,]R) satisfy the (PS)- 
condition. If 4> is bounded from below, then c = infg $ is a critical value of <F. 


3. Proof of Theorem 11.11 

In this section, we will finish the proof of Theorem 11.11 First, we give some 
useful lemmas. 


dx 


Lemma 3.1. Assume that (Vi) —(V 3 ), (/ 1 ) and (/ 2 ) hold. Then there exists Ao > 0 
such that for every A > Aq , J\ is bounded from below in E\. 
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Proof. From (12.411 . (/i) and the Holder inequality, we have 

M w ) = xIMIa ^ [ F(w(x,0))dx 
z Js. N 

|^( a: )| 5 ^ dx\ ( P)/ ( f \w(x, 0 )| 2 dx) P/ (3.1) 

l \J r n / V J r n / 

> ^IMI 2 -c£cg||£|| L _^|M|p, 

which implies that J\(w) -A +oo as ||mi||a —> +oo, since 1 < p < 2. Consequently, 
there exists Ao := max{l, Ao} > 0 such that for every A > Ao, J\ is bounded from 
below and coerciveness on E\. □ 


Lemma 3.2. Suppose that (Vi) — (V 3 ), (/ 1 ) and (/ 2 ) are satisfied. Then J\ satisfies 
the (PS)-condition for each A > Ao- 

Proof. Assume that {»„} C Ex is a sequence such that J\(w n ) is bounded and 
J' x (w n ) -> 0 as n A 00 . By Lemma [3.11 it is clear that {w n } is bounded in E\. 
Thus, there exists a constant C > 0 such that 

Hw’nOc 0 )|| L p < c p c 0 ||w„||a < C, for all w £ E x , A > A 0 , (3.2) 

where 2 < p < 2*. Passing to a subsequence if necessary, we may assume that 
w n wq weakly in E x . For any e > 0, since f(x) £ R Ar ,R + ), we can choose 

R e > 0 such that 


([ \f{x)\^p dx) 

y JM N \B Rr 7 


(2-p)/2 


< e. 


(3.3) 


From E x °A L p and w n —weakly in E x , we have w n ( a;,0) —> wo(x,0) strongly in 
Ll oc (R N ). Hence 

lim / \w n (x, 0) — wo(x, 0 )| 2 dx = 0. (3.4) 

Therefore, from (13.41) . there exists No £N such that 

/ \w n (x,0) — wo{x,0)\ 2 dx < e 2 , iorn>N 0 . (3.5) 

JB Re 

Hence, by (/ 1 ), (13.21) . (13.51) and the Holder inequality, for any n > No, we have 
f \f(w n (x, 0)) - f{w 0 (x, 0))| | w n (x, 0) - w 0 (x, 0)| dx 


■>b r 

< 


< e 

< 2e 

< 2e 


< 2e 


([ \f{wn(x,0)) - f(w o {x,0))\ 2 dx) ([ \w n (x,0)-w o {x,0)\ 2 dx] 
k Jb Rc 7 k Jb Rc 7 

(/ 2 (\f(w n (x,0))\ 2 + |/(w o (x, 0 ))| 2 ) dx') 

( / l£(z )| 2 (!«;„(*,O)! 2 ^" 1 ) + |ioo(ar, 0 )| 2(p - 1) ) dx) 

•t B Rf 

IICII 2 ^- (l|w„(a;,0)||2 (p ' 1) + ||w o (a;,0)|| 2( 2 P_1) ) 
ll£l | 2 (^ 2(P " 1) + IK(a 


1/2 


1/2 


nr ^ 1/2 


(3.6) 
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On the other hand, by (13.21) . (13.31) . (13.51) and (/i), we have 

[ \f{w n (x, 0)) - f(w 0 (x, 0))| \w n (x, 0) - w 0 (x, 0)| dx 
Js. n \b Rc 

< 2 [ |£(a0| {\w n {x, 0)| p + |w 0 (a;, 0 )| p ) dx 

Jr n \b Rc 

< 2ec%Cg (llwnll^ + II^oIIa) 

< 2 ec%ctf ( C p + || w 0 1| l) . 

Since e is arbitrary, combining (13.61) with (13.71) . we have 



\f(w n (x,0)) - f(w 0 (x, 0))| \w n (x, 0) 


wq(x, 0)| da; < e, 


as n —> oo. Hence, 

{Jx(w n ) - J'x(,w 0 ),w n - w 0 ) = || w n - w 0 ||a 

+ [ {f('w n (x,0))-f(w o (x,0)))(w ri (x,0)-wo(x,0))dx. 
J i» 


(3.8) 


(3.9) 


From, (J'x(wn) — J'x( u o),w n — wo) —> 0, (13.81) and (13.9p . we get w n wo strongly 
in Ex- Hence, Jx satisfies (PS)-condition. □ 


Proof of Theorem QTT1 From Lemmas 12. 11 13.1113.21 we know that c\ = inf^ Jx{w) 
is a critical value of functional Jx ; that is, there exists a critical point wx £ Ex such 
that Jx{wx) = Cx■ Next, similar to the argument in [12] , we show that wx ^ 0. Let 
w* e H° L (Cn) \ {0} and ||w*||l“ < 1, then by (/ 2 ), we have 

Jx(tw*) = ^\\tw*\\l- [ F(tw*(x,0))dx 

z J R« 

= |KH 2 a- / F(tw*(x, 0)) dx (3.10) 

— J £7 

< ^W^Wx-rit 1 J^w*^dx, 

where 0 < t < 6, 6 be given in (/ 2 ). Since 1 < 7 < 2, it follows from (13.101) that 
Jx(tw*) < 0 for t > 0 small enough. Hence, Jx{wx) = Cx < 0, therefore, wx is a 
nontrivial critical point of Jx and so wx is a nontrivial solution of problem m, 
that is, ux{x) := Tr(wx) = wx{x,0) is a nontrivial solution of problem (11.11) . The 
proof is complete. □ 


4. Concentration of solutions 

In the following, we study the concentration of solutions for problem ED as 
A —> oo. Define 

5= , J A| H‘ L (C a )(w), 

™z H o, L (.Cn) 

where Jx\h° L (Cn) a restriction of J on Hq l (Cq); that is, 

J\\h° L (c n )( w ) = [ t 1_2s |Vw| 2 da;dt - [ F(w{x,0))dx, 

" j Cf 2 J $7 
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for W € tf£(R^ +1 ). Similar to the proof of Theorem 11.11 it is easy to prove that 
c < 0 can be achieved. Since Hq l (Cq) C E\ for all A > 0, we get 

c\ < c < 0, for all A > A 0 . 


Proof of Theorem \1.2\ We follow the arguments in [3]. For any sequence X n —>• oo, 
let w n := w\ n be the critical points of J\ n obtained in Theorem ll.il Thus 

J\ n (w n )<c<0 (4.1) 

and 


J\ n ( w n) = 


1, 


1, 


u n\\\ n 


F(w n (x, 0 ))dx 


> 2 II^^IIa^ -C^CollCll^lknll^, 

which implies 

IKHa„<C, (4.2) 

where the constant C > 0 is independent of A n . Therefore, we may assume that 
w n —*• wo in E\ and w n (x, 0) —>• Wo(x, 0) in Lf oc (R w ) for 2 < p < 2*. From Fatou’s 
lemma, we have 


m N 


V(x)\wq(x, 0)\ 2 dx < liminf / V(x)\w n (x, 0)| 2 dx < liminf ■ 


\w, 


n II A 


/ R N 


A n 


= 0 , 


which implies that wq = 0 a.e. in R" \ C _1 (0) and wq 6 Hq L (C n) by (V3). Now 
for any ip G Cg°(Cn), since (J' x (w n ), <p) = 0, it is easy to verify that 

k s / i 1_2s Vwio ■ Vipdxdt — / f(wo(x, 0))ipdx = 0, 

Jc n dn 

which implies that uq(x) := Tr(wo ) is a weak solution of equation (11.21) by the 
density of Cfi°(Cn) in H^ l (Cq). 

Next, we show that w n ( x, 0) —> w 0 { x, 0) in ^(R^) for 2 < p < 2*. Otherwise, 
by Lions vanishing lemma mm, there exist S > 0, p > 0 and (x n , y) £ R^ +1 such 
that 

/ | w n - wo\ 2 dx > <5, 

J B* n{y=0} 

where B+ := {(x,y) : \(x,y) — (x n ,y)\ < p,y > 0}, and its base denotes by B p . 
Since w n (x, 0) —A wq(x,Q) in L 2 Loc { R w ), let \x n \ -A 00, we have | B p D Vj,\ —A 0. By 
the Holder inequality, we get 

1 'w n (x, 0) - w o (x,0)\ 2 dx < \B P D V b \^~( [ lun-uol 2 *) 7. 


JB p nv b 

Consequently, 


IKIlL > Kb 


0. 




\w n (x,0)\ 2 dx 


' B p nVf- 


> 


A n b( / \w n (x, 0) — wq{x, 0)| 2 dx + / |wo(x, 0)| 2 dx') + o(l) 

V JBpCV^ JBpCVf- 7 

A n b( \w n (x, 0 ) - w 0 (x, 0)\ 2 dx - / \w n (x, 0 ) - w 0 (x, 0)| 2 dx) + o(l) 

k Jb„ JB 0 nv b 7 


—>■00 as n — A 00, 




J. ZHANG; W. JIANG 


which contradicts m- By virtue of (J Xn (w n ),w n ) = (J Xn (w n ),wo) = 0 and the 
fact that w n (x, 0) —»• wq(x, 0) strongly in L P (M. N ) for 2 < p < 2*, we have 



Hence, w n —> wo strongly in E\. Moreover, from (ED, we have wq ^ 0. This 


completes the proof. 


□ 
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